The consequences of the vacuum polarization effect in magnetic fields around a Schwarzschild Black Hole on the motion of charged particles are investigated in this work. Using the weak electromagnetic field approximation, we discuss the non-minimal coupling between magnetic fields and gravity caused by the vacuum polarization and study the equations of motion for the case of a magnetic field configuration which asymptotically approaches a dipole magnetic field. It is shown that the presence of non-minimal coupling can significantly influence the motion of charged particles around Black Holes. In particular, the vacuum polarization effect, leading to strong amplification or suppression of the magnetic field strength around the event horizon (depending on the sign of the coupling parameter), can affect the scattering angle and minimal distance for the electrons moving in the gravitational field of the Black Hole as well as the dependence of these parameters on the asymptotic magnetic field strength, initial distance and the Black Hole mass. It is further demonstrated that the non-minimal coupling between gravity and astrophysical magnetic fields, caused by the vacuum polarization, can cause significant changes of the parameter space corresponding to bound trajectories around the Black Hole. In certain cases, the bounded or unbounded character of a trajectory is determined solely by the presence of non-minimal coupling and its strength. These effects could in principle be used as observational signatures of the vacuum polarization effect and also to constrain the value of the coupling parameter.
The consequences of the vacuum polarization effect in magnetic fields around a Schwarzschild Black Hole on the motion of charged particles are investigated in this work. Using the weak electromagnetic field approximation, we discuss the non-minimal coupling between magnetic fields and gravity caused by the vacuum polarization and study the equations of motion for the case of a magnetic field configuration which asymptotically approaches a dipole magnetic field. It is shown that the presence of non-minimal coupling can significantly influence the motion of charged particles around Black Holes. In particular, the vacuum polarization effect, leading to strong amplification or suppression of the magnetic field strength around the event horizon (depending on the sign of the coupling parameter), can affect the scattering angle and minimal distance for the electrons moving in the gravitational field of the Black Hole as well as the dependence of these parameters on the asymptotic magnetic field strength, initial distance and the Black Hole mass. It is further demonstrated that the non-minimal coupling between gravity and astrophysical magnetic fields, caused by the vacuum polarization, can cause significant changes of the parameter space corresponding to bound trajectories around the Black Hole. In certain cases, the bounded or unbounded character of a trajectory is determined solely by the presence of non-minimal coupling and its strength. These effects could in principle be used as observational signatures of the vacuum polarization effect and also to constrain the value of the coupling parameter.
I. INTRODUCTION
Due to the recent epochal breakthrough in the field of gravitational-wave astrophysics, consisting of the now already famous binary Black Hole mergers observed in gravitational wave signals detected by LIGO and Virgo networks [1] [2] [3] and the first ever image of a Black Hole created by the Event Horizon Telescope (EHT) for the Black Hole at the center of the Messier 87 galaxy [4] [5] [6] , the regime of strong gravitational fields is for the first time becoming accessible to observations These regimes of high curvature of spacetime and high densities of matter, which can now be tested in the context of Black Holes, are the ones from which we can expect to gain some important insights regarding the open issues related to the nature of gravity. It is of particular interest to use the physics of Black Holes in order to test general relativity and different modified theories of gravity, as well as to put constraints on potential effects beyond Einstein's gravity [7] [8] [9] [10] [11] [12] . This search for signals beyond standard physics is further motivated by the natural expectation that quantum corrections to general relativity and new quantum phenomena should become manifest in strong gravitational fields -and the gravitational fields around Black Holes are the strongest we can currently observe. Following this logic, it was recently proposed in [13] that Black Holes could in principle be used to detect the signatures of non-minimal coupling between gravity and electromagnetic fields, which comes as a result of the quantum effect of vacuum polarization. This is due to the fact that typical astrophysical magnetic fields, for instance the ones characterizing our Galaxy, can become significantly modified near Black Holes due to the arXiv:1908.01888v1 [gr-qc] 5 Aug 2019 vacuum polarization if the value of the non-minimal coupling parameter is large enough. This fact can be used to detect this effect in future or at least to constrain the potential values of the non-minimal coupling parameter. The strongest implications of vacuum polarization in gravitational and magnetic fields are expected in the case of hypothetical primordial Black Holes [13] . This means that the consideration of non-minimal coupling between electromagnetic and gravitational fields due to vacuum polarization is also potentially important for the question of the creation and evolution of cosmological magnetic fields, which is an important question in its own right .
The phenomenon of non-minimal coupling between gravity and electromagnetism as a result of vacuum polarization was for the first time studied in [35] in the one-loop approach. It was demonstrated that this effect leads to the effective Lagrangian for gravitational and electromagnetic fields of the following form:
where κ = 8πG/c 4 , g is the determinant of the metric tensor, R is the Ricci scalar, F µν is the Maxwell tensor obeying
where ∇ µ is the covariant derivative) and L matter is the Lagrangian of neutral matter. The effect of vacuum polarization is determined through the tensor defined as
where q 1 , q 2 and q 3 are the the coupling constants, and as usual R µν is the Ricci tensor and R µνρσ is the Riemann tensor. From the conceptual side this effect can be understood as follows: When the combined electromagnetic and gravitational field is considered from a (semi)quantum perspective, there will always be some probability for a transition of a photon to an electron/positron pair, which will be the dominant quantum fluctuation process. Through this transition the photon thus becomes characterized by a certain length scale, which is of the order of the Compton wavelength of the electron. For strong enough gravitational fields the effects of spacetime curvature along this characteristic length will become significant, so that the motion and properties of a photon in vacuum will now also be directly determined by the spacetime geometry, viz. gravity. As a consequence of this, the field equations for both gravitational and electromagnetic interactions will now include cross terms coupling the tensors describing the spacetime geometry with the electromagnetic tensor. The values of the coupling parameters q 1 -q 4 were calculated in [35] for the simplest possible case of a photon propagating in vacuum. It is not at all obvious how to generalize this calculation and derive the values of coupling parameters from the first principle in the case of magnetic field configurations observed on macroscopic scales. However, since the non-minimal coupling is introduced even in the simplest case, there is no reason to assume that it will not be present in more complex field configurations. But in this case the values of the coupling parameters should naturally be considered as undetermined, and it moreover seems probable that they will be dependent on the field configurations and energy regimes. The solutions based on non-minimal coupling were analysed in various settings which, however, so far were mostly only of theoretical interest [36] [37] [38] [39] [40] [41] [42] [43] [44] Apart from the existence of the galactic magnetic field, there is also convincing observational evidence for the presence of magnetic fields in the vicinity of the Black Hole of our own Galaxy [45, 46] as well as close to Black Hole binaries [47, 48] . The presence of magnetic fields around Black Holes is important since it influences different astrophysical processes, such as the formation of relativistic jets [49] . Therefore the question of the motion of charged particles around Black Holes surrounded by magnetic fields is very important from the astrophysical perspective and was studied extensively in the context of the standard (i.e. only minimal) interaction between magnetic fields and gravity [50] [51] [52] [53] .
Our goal in this work is to study the influence of the discussed vacuum polarization effect on the motion of charged particles around Black Holes surrounded by astrophysical magnetic fields. Such a consideration represents the first step towards the empirically motivated discussion of the vacuum polarization effect in combined electromagnetic and strong gravitational fields.
Previously, the dynamics of charged particles around magnetized Black Holes has been studied without taking into account this effect. A review on some early work on this topic may be found in [54] . Later on, different types of Black Holes and magnetic field configurations have been considered, for example Schwarzschild Black Holes in dipole [55] or asymptotically uniform magnetic field with [53, 56, 57] and without [58, 59 ] the consideration of energy losses due to radiation by accelerated charged particles, or including further mechanisms such as the presence of quitessence matter [60] , as well as Ernst [51] and Kerr [52, 61, 62] Black Holes.
As one can see, there is a big interest in the investigation of these dynamics, however so far vacuum polarization effects have not been taken into account. This will be done of in this paper where we consider electrons moving around a Schwarzschild Black Hole in a magnetic field which resembles a dipole at large distances. To do so, this work is structured as follows: In Sec. II we discuss the impact of the non-minimal coupling on the interplay between gravitation and magnetic fields. Then, in Sec. III, we present the setup of the numerical simulations which we use to obtain different particle trajectories and discuss the corresponding results in Sec. IV. Finally, we draw our conclusions in Sec. V.
II. NON-MINIMALLY COUPLED ELECTRODYNAMICS IN THE ASYMPTOTICALLY DIPOLE MAGNETIC FIELD
In this work we are focusing on the problem of motion of charged particles in the static magnetic field around a Schwarzschild Black Hole when the vacuum polarization effect is taken into account. In this way we wish to study the influence of spacetime geometry on the electromagnetic field via the non-minimal coupling and to understand the consequences of this effect on the trajectories of particles in the vicinity of Black Holes. The first assumption we take is that the influence of the magnetic field on the spacetime itself can be ignored, so that the spacetime can still be understood as given by the Schwarzschild metric
where M is the Black Hole mass (and therefore 2M is the Schwarzschild Radius), (r, θ, φ) are the spherical coordinates and t is the time.
In order to study the problem of the motion of charged particles in the non-minimally coupled gravitational and magnetic field, we have chosen a realistic magnetic field configuration that is physically significant, given by the requirement that for the Minkowski spacetime -which will be asymptotically approached for distances much larger than the Schwarzschild Radius -it reduces to a magnetic dipole. The dipole model is very often used in astrophysics to model a wide range of magnetized systems.
Such a dipole solution for a flat spacetime satisfies ∇ · B = 0 and ∇ × B = 0, and is given by
This field configuration with respect to a Schwarzschild Black Hole, cf. Eq. (3), can be used as a suitable approximation in the case of either a galactic magnetic field or a local magnetic field surrounding the Black Hole created by astrophysical processes, when the origin of the magnetic dipole can be understood as being close to the center of the Black Hole, so that both are taken to be situated at r 0. Using this type of magnetic field in the electrodynamic equations of motion obtained from the Lagrangian given by (1), which can be solved by separating the radial and the angular part, B r (r, θ) = B rad (r)Θ(θ), leads to the following equation for the radial component of the magnetic field on the spacetime given by (3), as has been found in [13] :
where
while the angular component is simply given by
where Θ 0 is the integration constant and C is the separation constant. To work in dimensionless variables it is suitable to introduce the rescaling
where r s is the free scaling parameter and in our case we set it to be the Schwarzschild Radius, i.e. r s = 2M .
It is indeed not difficult to check that these solutions reduce to the well known dipole equation, B r (r, θ) = (constant/r 3 ) cos θ and B θ (r, θ) = (constant/2r 3 ) sin θ with C = −1, for the case of a flat spacetime. The deviation of such a magnetic field from the dipole solution in the vicinity of the event horizon of a Schwarzschild Black Hole, coming from the vacuum polarization effect -which leads to the non-minimal coupling of the form given in eq. (1) -was previously studied in [13] .
Here we are interested in studying how this effect will influence the motion of charged particles around Black Holes surrounded by magnetic fields. The motion of the particle with mass m and charge q is given by the Lorentz equation on curved spacetime of a Black Hole,
Considering the case of non-minimally coupled magnetic field which has the for of a dipole for r → ∞, F µ ν is the electromagnetic tensor containing the magnetic fields which are the solution of equation (4) and B θ (r, θ) = tan θB r (r, θ)/2, B φ = 0. Also, λ is the affine parameter, and the Christoffel symbols are given by the geometry defined in (3). Here, according to the already discussed weak electromagnetic field approximation, the influence of the magnetic field on the metrics describing the Black Hole is neglected, and thus the only influence of the vacuum polarization comes through the change of the magnetic field distribution, which then also changes the motion of particles in such non-minimally coupled gravitational and magnetic field. Taking the proper time as the affine parameter and writing (9) in terms of the four spacetime coordinates (t,r,φ,θ) = (t(τ ),r(τ ),θ(τ ),φ(τ ))), we obtain the following four equations:
where τ is the proper time and q s = q/m is the specific electromagnetic charge of the particle.
III. NUMERICAL SIMULATIONS
By introducing the generalized four-velocity vector (v t , v r , v θ , v φ ) as well as using the differential equations (4)- (7) and (10)- (13) for the magnetic field, we then get a set of ordinary differential equations for the description of the propagation of a charged particle in the presence of a Schwarzschild Black Hole: These differential equations require a total of nine initial/boundary conditions and a value for C in (22) . For the following consideration we fix the values
while the values of the initial conditions for the other time-dependent quantities, as well as the condition for B rad , i.e. the values for 0) , B rad,100 ≡ B rad (r = 100 × (2M )) (24) are considered as free parameters of the simulations. The boundary condition for B rad has been chosen at r = 200M , i.e. at 100 Schwarzschild Radii, as at that distance from the Black Hole the magnetic field is nearly a dipole, such that by fixing the magnetic field at that value we ensure the comparability with the case without the vacuum polarization effect. For the solution of the differential equations the method described in [63] has been used.
Following [53] we limit the investigation to the cases where the particle propagates in the xy-plane (since trajectories outside that plane tend to become chaotic), such that for all the scenarios the additional restrictions
apply, leaving us with initial conditions r 0 , v r,0 , φ 0 , v φ,0 and B rad,100 . Using this, in the following we will investigate the two general cases of bound and unbound particle trajectories.
IV. RESULTS
In this section we present the results of the numerical simulations of trajectories in the xy-plane (i.e. fulfilling the initial conditions (25)). To be more specific, we investigate the extreme case of the particle's velocity initially pointing towards the center of the Black Hole, while fixing φ 0 to 0 without loss of generality (due to the symmetry of the magnetic field regarding φ), which therefore gives the additional conditions
leaving us with the two free propagation parameters, r 0 and v r,0 , together with the Black Hole mass M and the magnetic field boundary condition B rad,100 . In the following the fiducial values are given by
v r,0 = −0.9c , B rad,100 = 10
where M is the solar mass.
As one can see from Fig. 1 , the first result is that the scaling with the magnetic field strength is exactly the same as the scaling with the Black Hole mass M as long as in both cases the initial position of the particle is the same measured in Schwarzschild Radii. These scalings are in fact the same as in the case without vacuum polarization, which can be best seen using the simple estimate for the influence of the two relevant forces here, namely the Lorentz Force F L and the gravitational force F G initially:
This ratio is proportional to the product M B which explains the aforementioned scalings and shows that this basic principle remains valid. Furthermore, from Fig. 1 one can see that decreasing the value of B rad,100 (or the value of M ) leads to a dramatic change of the trajectory -once the magnetic field is low enough even small changes will highly impact the scattering angle. This can be understood looking at the lower left panel: Reducing the magnetic field results in a larger influence of the gravitational pull, such that the particle is able to get closer to the Black Hole, hence giving a smaller r min . Since, however, the magnetic field is significantly amplified at small r and dramatically increases for r → 2M , this results in a stronger deflection. In addition, this also explains why the impact ofq is much more visible for smaller r min -a larger value forq causes a stronger amplification.
In Fig. 2 the trajectories of electrons for different initial positions r 0 are shown. While for values r 0 4 × (2M ) the expected behavior, i.e. scattering at a moderate angle, is seen, for values of r 0 below that the trajectory is first bent up until the point where it reverses its initial direction (δ = 180
• ), or even beyond that, while for r 0 ≤ 2 × (2M ) in all analyzed cases it results in a bound state. This is a major difference compared to the classical dipole field as in that case the particle would still be only deflected or, with r ∼ 2M , fall into the Black Hole. In the case of vacuum polarization on the other hand the magnetic field close to the Event Horizon grows strongly, therefore resulting in a large Lorentz Force. This Lorentz Force then remains in a delicate interplay with gravitation -the latter being responsible for the circular movement around the Black Hole, while the former causes the small curls along the trajectory, as seen in the top panel of Fig. 2 . As discussed above, the increase ofq results in a stronger amplification of the magnetic field, leading to a reduction of the Larmor Radius
and therefore a decrease in the size of the loops caused by the Lorentz Force. (27) . The dashed blue line indicates that the trajectory is bound, such that in that case a maximum distance (blue dotted line) can be shown. (27) . The dashed lines indicates that the trajectory is bound, such that in that case a maximum distance (corresponding dotted line) can be shown.
FIG. 4. "
Phase diagrams" for the condition of the trajectory of a charged particle at a Schwarzschild Black Hole in the r0 vs. vr,0 parameter space. Here, the gray region denotes an unbound state, i.e. r → ∞ for τ → ∞, while the turquoise region shows the parameter combination for which r does not go to infinity for τ → ∞, i.e. either a bound trajectory around the Black Hole or the case where the particle falls into it. For the Black Hole the default values of M = 10 6 M and B rad,100 = 10 −17 T have been used. Note that vr,0 < 0 depicts the situation where initially the particle velocity points radially away from the Black Hole, while for vr,0 > 0 it points towards it. The thick black line in each subfigure shows the "phase transition" of the case without magnetic field. Top left: The case without magnetic field. Top right: The case for a dipole magnetic field. Bottom: Phase diagram including the effect of vacuum polarization forq = −1.0 (left) andq = 1.0 (right).
that for a fixed value of v r,0 the value ofq does not play a significant role for r min . This means that at least for the given set of parameters the velocity penetrates the magnetic field only up to a point where the amplification is not fully dominant. Still, as for the other changes of parameters, from the bottom right panel one can see that for smaller r min the impact ofq on the deflection angle δ is more significant. Furthermore, one can see that while for larger values of v r,0 we obtain an unbound state, for small values we again have a bound one. Here, the situation is to some degree similar to the one described for the variation of r 0 -for small values of v r,0 the kinetic energy of the particle is reduced to a degree where the total energy is too small to escape the attraction potential of the magnetized Black Hole (while for small values of r 0 the total energy is too small due to the reduced amount of potential energy.
A different way to present and analyze the obtained results is to consider the bound (i.e. encircling the Black Hole or falling into it) and unbound trajectories as "phases" in the phase space of the initial particle state described by the parameters r 0 and v r,0 . Then we can summarize the possible outcomes in a "phase diagram" where the change from one regime to the other may be understood as "phase transitions". This is done for different cases (for the fiducial values M = 10 6 M and B rad,100 = 10 −17 T) in Fig. 4 .
The case without magnetic field (top left) can be roughly estimated analytically since in this case it is determined only by gravitation and hence the transition happens when the initial velocity corresponds to the escape velocity for r = r 0 , i.e. in the Newtonian approximation
When including a dipole magnetic field (top right), two major changes compared to the non-magnetic case can be seen: First, the phase diagram obtains a symmetric shape regarding v r,0 , i.e. whether for a given r 0 the particle will end up in a bound or unbound state depends only on the magnitude of the initial velocity, but not on its sign. This is an important result as it means that a magnetic field which is strong enough may deflect the particle, even if it is initially directed towards the Black Hole, by such a large angle that, since it has sufficient kinetic energy, it can escape the gravitational potential. On the other hand, and that is the second major change, for large values of |v r,0 | a new type of bound trajectory may emerge due to the large Lorentz Force which results in an enormous bending of the trajectory up to the point where it cannot escape. Due to the aforementioned symmetry this occurs even if for v r,0 < 0, as, due to its dominating magnitude, it is irrelevant in which direction the deflection occurs.
Once vacuum polarization is included, the situation is changed in particular for small r 0 (bottom panel) -the minimum r 0 for which the particle can escape the gravitational pull of the Black Hole significantly increases, as mentioned above, due to the fact that the strength of the magnetic field is big enough to keep the particle bound due to the Lorentz Force. Looking at the phase diagram, one can in addition see that for some values of r 0 , even as high as r 0 2.0 × (2M ), the particle ends up in a state which is not unbound independent of the initial velocity. Also, once can see that the value ofq has an influence on the setting -increasing its value also increases the minimal r 0 for escaping.
V. CONCLUSIONS AND OUTLOOK
In this work we have studied the motion of charged particles in the non-minimally coupled gravitational and magnetic field that can result as a consequence of the vacuum polarization effect. We have assumed that magnetic fields are small enough so that the backreaction on the spacetime of the Schwarzschild Black Holewhich is the spacetime considered in this work -can be ignored. This is a completely justified assumption for the case of astrophysical magnetic fields. In this case, the effect of non-minimal coupling between gravity and magnetic fields will manifest through the change of the magnetic field, leading to its amplification or suppression, depending on the sign of the non-minimal coupling parameter. This will then, in turn, influence the motion of charged particles on the considered spacetime. We have furthermore chosen such a configuration of the magnetic field which for large distances from the Black Hole horizon approaches the physically important case of dipole magnetic field. Deriving the equations of motion describing this case, we performed the corresponding numerical simulations for physically realistic settings. The main conclusion of our work is that the non-minimal coupling can, for appropriate values of the coupling parameter, lead to significant changes in the motion of charged particles around the Schwarzschild Black Hole. Since Black Holes surrounded by magnetic fields seem to represent the most promising setting for the manifestation of this effect, due to the corresponding high curvatures of spacetime, such results could be used to search for the signature of the vacuum polarization effect in combined magnetic and gravitational fields or to constrain the possible values of the coupling parameter by observations. The results of our numerical simulations have shown that the presence of non-minimal coupling between the magnetic field and gravity causes the change in trajectories of the charged particles around the Black Hole, as well as in deflection angle and minimal distance from the center of the Black Hole. The influence of this effect is more dramatically pronounced for smaller values of the magnetic field defined at some larger distance from the Black Hole center and smaller values of the Black Hole's mass. This can be explained by the fact that the change induced by the non-minimal coupling is strongest near the event horizon. Decreasing the magnetic field strength results in a larger influence of gravitational pull, and enables the particle to reach the region around the event horizon where the modification of the magnetic field is more pronounced. Furthermore, it was demonstrated that for small enough initial distances from the center of the Black Hole, r 0 ≤ 2 × (2M ), all analyzed cases result in a bound state, which is in strong contrast with the standard minimally coupled dipole, where only some of those trajectories would be deflected.
Finally, we have systematically analyzed the configurations of initial position and velocity leading to bounded and unbounded orbits. It was shown that the vacuum polarization effect leads to changes in the type of trajectories, specially for the small initial distances from the Black Hole, leading to emergence of bounded states for the configurations of the parameters for which in the minimally coupled case only unbounded trajectories exist.
The fact that for a given initial velocity the value ofq seemingly does not play such a big role as for the other parameters might be relevant for future investigations when an ensemble of particles with a given velocity distribution is considered.
It also has been found that, for otherwise the same initial conditions, whether the trajectory of a particle is bound or unbound might depend solely onq, which could be used for deriving constraints onq itself. This might become even more significant once energy losses are taken into account.
Given the fact that for some set of parameters charged particles, starting off at a distance closer than a characteristic value determined by the magnetic field and the Black Hole mass, cannot escape the magnetized Black Hole independent of their initial velocity might be important for possible observations of such particles being emitted close to the Black Hole as their flux at Earth is expected to be suppressed.
In the future we are planning to consider other magnetic field configurations, such as the asymptotically homogeneous magnetic field which has been studied in previous publications. Another important extension of the work presented here is the inclusion of energy loss mechanisms due to acceleration of the charged particles as this would produce synchrotron radiation which may be observable at Earth. Finally, in order to take into account more complicated processes like accretion, actual general-relativistic magnetohydrodynamic (GRMHD) simulations are necessary. The value of the coupling parameter between gravity and electromagnetic fields should be considered as a free parameter, and if its actual value is very small, the discussed effects will not be empirically manifest. However, even in this most conservative option, which would put the value of the coupling constant only to the order of the Compton wavelength for electrons (see discussion in [35] and [13] , the effect can become strongly pronounced in the case of primordial black holes, characterized by very small masses and sizes, surrounded by primordial magnetic fields. Therefore, this scenario deserves to be investigated in future, with an emphasis on its cosmological implications.
